In this paper, we study thermodynamics of the cluster of galaxies under the effect of dynamical dark energy. We evaluate the configurational integral for interacting system of galaxies in an expanding universe by including the effects produced by the varying Λ. The gravitational partition function is obtained using this configuration integral. We obtain thermodynamics quantities in canonical ensemble which depend on time and investigate the second law of thermodynamics. We also calculate the distribution function in grand canonical ensemble. The time evolution of the clustering parameter of galaxies is investigated for the time dependent (dynamical) dark energy. We conclude that the second law of thermodynamics is valid for the total system of cluster of galaxies and dynamical dark energy. We calculate correlation function and show that our model is very close to Peebles's power law, in agreement with the N-body simulation. It is observed that thermodynamics quantities depend on the modified clustering parameter for this system of galaxies.
INTRODUCTION
Accelerated expansion of the Universe is established by the observations of the Type Ia Supernovae (SNeIa) (Riess et al. (2004) ) and the Cosmic Microwave Background (CMB) radiation anisotropies (Jarosik et al. (2011) ). This accelerated expansion of the Universe can be explained by dark energy. In that case, there are several models to describe dark energy like Λ-CDM which tells that the cosmological constant Λ plays the role of the dark energy (Bahcall et al. (1999) ). However, this model has some famous ambiguities such as the fine-tuning (Copeland et al. (2006) ), and the cosmic coincidence problems (Nobbenhuis (2006) ). Also, it is not a dynamical model of dark energy and cannot show evolution of dark side of the Universe. But, there are some dynamical model of dark energy like phantom (Caldwell (2002) ) quintessence (Wetterich (1998) ), K-essence (Armendariz-Picon et al. (2000) ) and tachyonic models (Sen (2005) ), which are based on scalar fields. Also, ⋆ E-mail: b.pourhassan@du.ac.ir † E-mail: sudhakerupadhyay@gmail.com ‡ E-mail: hme123eda@gmail.com § E-mail: mirfaizalmir@googlemail.com there is an exotic fluid with a special equation of state called as Chaplygin gas (Kamenshchik et al. (2001) ; Bento et al. (2002) ) and its generalizations (Bilic et al. (2002) ), modifications (Debnath et al. (2004) ; Saadat & Pourhassan (2013) ), and extensions (Kahya et al. (2015) ; Pourhassan (2016) ) which play role of the dark energy and dark matter, and emerged initially in cosmology from string theory point of view (Barrow (1986) ; Barrow (1988) ). There are also some proposals of the holographic dark energy (Li & Wang (2010) ; Elizalde et al. (2005) ). f (R) theories of gravity are alternative to dark energy to explain accelerating expansion of the Universe (Capozziello (2002) ; Capozziello et al. (2003) ; Carroll et al. (2004) ; Khurshudyan et al. (2015) ). In order to have a dynamical model of dark energy, it is also possible to consider varying Λ (Kahya et al. (2015) ; Khurshudyan et al. (2015) ; Jamil et al. (2009)) . In this paper, we will analyze the effect of time-dependent cosmological constant on the clustering of galaxies. It is known that the inter-galactic distances are many orders of magnitudes greater than the length scale of a galaxy. Thus, it possible to represent a system of galaxies as a system of point particles, and analyze this system using standard methods of statistical mechanics (Ahmad et al. (2002) ). It is also possible to analyze the thermodynamics limit of such a system of interacting galaxies, and obtain appropriate thermodynamics quantities for this system. In fact, the observed peculiar velocity distribution function has been studied for a sample of galaxies within 50M pc(H = 100) of the local group (Raychaudhury & Saslaw (1996) ). This was used to study the clustering parameters of this sample of galaxies. A system of galaxies with halos has also been analyzed using these methods, and the peculiar velocity distribution function of such a system of galaxies was analyzed using standard methods of statistical mechanics (Leong & Saslaw (2004) ). The statistical mechanics has also been used to analyze spatial distribution function of galaxies at high redshift (Rahmani et al. (2009) ). The statistical mechanics has also been used in obtaining the probability to have certain shape of a galaxy cluster (Yang & Saslaw (2012) ). A system of two different kinds of galaxies have also been studied using such statistical methods (Ahmad et al. (2006) ). It may be noted that it is also possible to consider the effects generated by the finite size of galaxies using these statistical methods (Malik et al. (2009) ). Thus, the important point to be noted from these works is that it is possible to use the standard techniques of statistical mechanics, to study the clustering of a system of galaxies. In this paper, we analyze the effect of the dynamical dark energy on the clustering of galaxies using the same standard methods of statistical mechanics. Already, Ref. Hameeda et al. (2016a) discuss the effects of cosmological constant as dark energy on clustering of galaxies, but as explained above, cosmological constant is not dynamical model of dark energy and cannot show real evolution of dark side of the Universe. Hence, we consider a varying Λ as dark energy and study dynamics of galaxies. This paper is organized as follows. In the next section, we write the partition function and modified potential for the galaxies under effect of dynamical dark energy. Then, we extract thermodynamics quantities in section 3. The grand canonical ensemble will be discussing in section 4, and in section 5 we prove validity of the second law of the thermodynamics in presence of dark energy. In order to obtain agreement with observational data, we calculate correlation function in section 6 and compare results with observations. Finally, in section 7, we present conclusion.
STATISTICS
Partition function is an important statistical quantity which gives all thermodynamics information of the given system. Our interest here is to deal a system of galaxies which may be considered as collection of particles with pairwise interaction. From statistical point of view, we assume homogeneous distribution over the large region. Therefore, we consider the following partition function (Ahmad et al. (2002) ):
with the following definition:
where N is number of galaxies with mass m and momenta pi interacting gravitationally with a potential Φ, hence N ! takes the distinguishability of considered classical particles. Here, T denotes average temperature, and λ denotes the normalization factor. Also, we assume the unit value for the Boltzmann constant (k = 1). The gravitational potential energy due to all pairs of particles composing the system, which is a function of the relative position vector rij = |ri −rj|, can be expressed as the sum of the potential of all pairs. It means that we can write Φ(r1, r2, . . . , rN ) = 1 i<j N φ(rij) = Φ(rij). In that case, integration over the momentum space changes the partition function (1) to the following expression:
where
Here, interaction function fij is defined by
where fij = 0 denotes absence of interactions. It is found that the partition function diverges at rij = 0 for the point particles (Ahmad et al. (2002) ). This divergence can be removed if we consider extended nature of particles (particles with halo) (Saadat & Pourhassan (2016) ), and it can be done via introducing a softening parameter in the Newtonian potential between particles as follow (Ahmad et al. (2002) ),
where ǫ denotes the softening parameter. However, dark energy may affect clustering of the galaxies by assuming cosmological constant Λ as dark energy, which modifies the potential as Shtanov & Sahni (2010) ,
The case of constant Λ, in agreement with Λ-CDM model, has been studied recently by Hameeda et al. (2016a) . However, we know that the dark energy is not constant and has dynamics, hence in order to have a real model, we consider time-dependent Λ. In another word, in order to consider effect of dynamical dark energy, a possible way is to consider the varying Λ with time. This is justified in the equation (7), where we presented a general form of potential energy with Λ(t). For small variation in time, we can still assume the equilibrium thermodynamics. For Φ(rij) ≪ T given in (7), one can use Taylor expansion and the equation (5) in presence of dynamical dark energy can be rewritten as follow,
Now, we can evaluate integral of the relation (4) over a spherical volume of radius R1 and find that,
Here we used R1 ∼ ρ −1/3 ∼ (N /V ) −1/3 and the following change of variable,
and we utilized the following scale transformations (Ahmad et al. (2002) ; Saslaw & Fang (1996) ),
Hence, the gravitational partition function is given by,
In the simplest way, we can consider the following timedependence,
where τ is a positive constant and can be fixed using observational data. However, without loose of generality, we can set τ = 2 to see typical behavior of thermodynamics and statistics quantities (finally we show that τ = 2 is the best fitted value). In the Fig. 1 , we draw partition function and see that it is decreasing function of time as expected (see Fig.  1 (a) ). Variation of partition function is high at initial time and then leads to a constant corresponding to the current value. We also show that the softening parameter decreases the value of the partition function. In the Fig. 1 (b) , we draw partition function in terms of N and see that it is an increasing function for small N , while it is a decreasing function for large N . There is a critical N which corresponds to the maximum of partition function which means maximum of probability.
In the next section, we use the partition function (13) to extract some thermodynamics quantities in canonical ensemble and study the effect of dynamical dark energy on them.
THERMODYNAMICS
Now, our goal is to calculate thermodynamic quantities of strongly interacting system of galaxies interacting through a modified Newtonian potential which describes the galactic clustering affected by the dynamical dark energy. Helmholtz free energy is one of the important thermodynamics quantity which provides the normalization factor for the probability distribution. In the canonical ensemble, Helmholtz free energy is given by, Hence, we can obtain,
In the Fig. 2 , we draw Helmholtz free energy for τ = 2, and see that it is increasing function of time as illustrated by Fig. 2 (a) . The value of the Helmholtz free energy will be positive for sufficient large N as illustrated by the Fig. 2 (b). We can obtain similar behavior for another value of τ as well. Then, we can use the following relation to compute entropy:
In that case one can find,
where we defined, and clustering parameter of galaxies defined by Ahmad et al. (2002) ,
It is indeed important parameter which plays a key role to find various thermodynamic quantities. It is obvious that 0 B 1 and it is a decreasing function of ε, while increasing function of Λ(t). At the initial time (t ≪ 1), it is clear that A ≫ 1 and one can find B ≈ 1, and entropy diverges at the initial time as illustrated by the Fig. 3 (a) . The case of B = 1 happens only if we consider varying dark energy which is consistent with the nature of our universe. We can see that at the initial time, entropy is a decreasing function of time, which indicates that the second law of thermodynamics is violated. However, in order to study the second law of thermodynamics, we should also consider the dynamical dark energy density (it is subject of the next section). Also, in the Fig. 3 (b) , we can see the variation of the entropy with N and can find critical N as before to have maximum of the entropy corresponding to the equilibrium. From the Fig. 3 (b) , it is clear that the entropy enhanced due to the effect of ε. It means that the entropy corresponding to the extended masses is larger than the entropy corresponding to the point masses.
The clustering parameter for ǫ = 0, which corresponds to the point masses, is given by
where b = x 1+x denotes the original clustering parameter of Newtonian potential for point masses (Ahmad et al. (2002) ), and B0 is the corrected clustering parameter for the point masses due to the dynamical dark energy. After quite long time (i.e., 15Gm 2 t τ ≫ bR 3 1 ) B0 = b as expected. By using the relations (16) and (18), one can obtain internal energy of a system of galaxies as,
In the Fig. 4 , we can see behavior of the internal energy with time. It has been shown that for the N < 2 the internal energy is completely positive, while for the N > 2 the value of the internal energy is negative at the initial time. We find that the internal energy is an increasing function of softening parameter. It means that internal energy of the extended masses is larger than the internal energy of the point masses.
The specific heat at constant volume is an important thermodynamics parameter, which can be calculated via the following relation:
In the Fig. 5 , we can see the time evolution of the specific heat. Similar to the internal energy, we can see that specific . Typical behavior of the internal energy in terms of t for τ = 2. We set unit value for all parameters.
heat is completely positive for the small N (N < 2), however there is some negative regions for the larger N at the initial time where dark energy has large value. It means that the system is thermodynamically unstable for the large dark energy. Fig. 5 (b) shows that the specific heat also depends on the temperature. For the low temperature case, there are some negative regions, while for the high temperature we have completely positive specific heat. There is a critical temperature where the specific heat has a maximum.
In the next section, we consider grand canonical ensemble to extract some more general relations.
GRAND CANONICAL ENSEMBLE
Grand canonical partition function in terms of canonical partition function is given by,
is called activity, where
is chemical potential. Hence, the grand partition function for the gravitationally interacting system of galaxies is obtained as,
By using the relation (27), one can obtain the probability of finding N particles in volume V as follow,
In the Fig. 6 , one can see the time evolution of the probability with variation of the softening parameter. Here, we find that the difference of point and extended masses is negligibly small at initial time. By decreasing dark energy to a constant value at the late time, we can see the difference of distribution constants corresponding to the point and extended masses. Also, the galaxy distribution function leads to a constant value at the late time. In absence of dark energy (see dash dot line of the Fig. 6 ), we can see that galaxy distribution function is approximately constant corresponding to the late time dark energy.
DARK ENERGY THERMODYNAMICS
In this paper as well as previous work of Hameeda et al. (2016a) , the effect of dark energy on the ordinary matter investigated. It means that we have an interacting dark energy model. In that case the evolution rate of the dark energy entropy for the dark energy density ρ de is given by Jamil et al. (2010) 
where rA is the apparent horizon which is associated with the gravitational entropy for a dynamical space-time and given by the following expression in terms of Hubble expansion parameter for the flat space-time (Bak & Rey (2000) ):
The temperature, T , is given by,
Also, the effective equation of state ω ef f de satisfies the following conservation equation:
and the Hubble expansion parameter can be written in terms of the scale factor a as follow,
At the simplest model, we can consider the following scale factor:
which yields to the following Hubble expansion parameter:
It is also possible to assume the following time-dependent equation of state (Gorbunova & Timoshkin (2008) ):
which appears due to the modification of gravity (Nojiri & Odintsov (2003) ), where ω0 and ω1 are constants. Using this value of ω ef f de in the equation (32), we have a differential equation for the dark energy density with the following solution:
where constants ω0 and ω1 are encoded in the new constants c1 = 3nω1 and c2 = −3n(1 + ω0), and ρ0 corresponds to the constant dark energy density at ω0 = −1 and ω1 = 0. In this scenario, the equation (29) reduces to the following differential equation:
For example, for the m = 2 (eg. n = 1, ω0 = −1), we have c2 = 0 and equation (38) yields to the following equation:Ṡ
Equation (40) has the following general solution with the fact that value of the dark energy entropy is zero at the t = 0:
where Si are some constants involve c1, A1 and A2 as follows,
We can draw S de and find that the value of S0, S3 and S2 must be positive to have positive entropy, while we can choose any value for the S1 (see plots of the Fig. 7 ). For the positive S1, we see a maximum entropy which means that after some time the value of the entropy decreases with time which violates the second law of thermodynamics. But for negative and zero S1, we have completely increasing entropy with time.
In the general case with arbitrary m, the equation (38) has the following solution:
where W M (µ, ν, x) is the Whittaker function which can be defined in terms of the hypergeometric function as follow,
In the Fig. 8 , we can see the typical behavior of S de for m = 4 and m = 5, and find that the entropy is totally increasing function of time. Now, we are in the position to study the total entropy due to the dark energy and cluster of galaxies, which is given by,
where entropy of galaxies already given in the equation (18), and S de is given in (41) or (43). S de denotes the dark energy entropy and S denotes the entropy of galaxies under effect of dark energy which indeed includes the interaction of matter with the dark energy. It is easy to check that the entropy (45) is completely increasing function of time and the second law of the thermodynamics is valid.
DYNAMICAL EVOLUTION OF GALAXY-GALAXY CORRELATION FUNCTION
In order to show the agreement of our results with the observational data, we calculate the correlation function. The two-point correlation function ξ(x) in clustering of galaxies obeys power law ξ(x) = r −1.8 (Peebles (1980) ) and the validity of this power law has been confirmed from N -body simulation (Suto et al. (1990) ). In this section, we develop a power law for the correlation function using modified Newtonian potential in presence of dynamical dark energy. The basic equation of energy U for a spherical system of volume V consisting of N particles is given by (Saslaw (2000) ; Hameeda et al. (2016b) ),
Using the interaction potential Φ between two galaxies in presence of dynamical dark energy, given in the equation (6), and the clustering parameter,
we can obtain correlation function ξ(r). The volume derivative of B is given as
Using relation
in the equation (48), we obtain
From ρ = N V , we have
Neglecting higher powers of ǫ/r and using above equations, we get the functional form of correlation function as,
and the time evolution of correlation function is expressed as,
The equations (30), (31) and (35) together suggest that t ∝ r, and hence the correlation function (53) is very close to Peebles's power for τ ≈ 2 which shows the impact of time evolution of dark energy. In the Fig. 9 we can see effect of dark energy on the two-point galaxy correlation function (52) and find that the effect of dark energy is important for larger value of r.
CONCLUSION
In this paper, we have analyzed the effect of dynamical dark energy on the cluster of galaxies by using the standard techniques of statistical mechanics, and found that two-point correlation function in presence of time-dependent dark energy is very close to Peebles's power law. It indicates that our analysis is also close to the actual physical system of interacting galaxies. We have considered varying Λ as a function of time to make a dynamical model of dark energy and calculated time-dependent partition function in both canonical and grand canonical ensembles. This was done by modifying the partition function of a system of galaxies by a varying Λ term. Indeed, we analyzed a model of time-dependent dark energy for this system. Then, we obtained the effect of timedependent dark energy on the thermodynamics quantities like Helmholtz free energy. We have shown that the free energy is an increasing function of time. Then, we calculated the entropy and internal energy. In order to satisfy second law of thermodynamics, we should consider contribution of dark energy on the total entropy and have shown that the second law of the thermodynamics is valid. Our graphical analysis shows that partition function has Gaussian form in terms of N , and for the dark energy proportional to inverse of time, it is a decreasing function of time. The partition function diverges at initial time but it is not a real threat as all physical properties are depending on derivatives of the logarithm of it. It is also clear that the softening parameter reduces the value of the partition function. However, the situation for the Helmholtz free energy is completely opposite which is illustrated by Fig. 2 . There is a minimum of free energy as well as a maximum of entropy for critical N corresponding to the zero-chemical potential. The Helmholtz free energy as well as internal energy are increasing function of time and lead to a constant at the late time. The behavior of the entropy with time is illustrated in the Fig. 3 (a) . There is a minimum at initial time and it tends to a constant value at the late time. Fig. 5 shows the behavior of the specific heat where it tends to positive constant at the late time. Finally, we show that the total entropy is an increasing function of time.
